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Abstract

I provide an axiomatic foundation of location indices: single values that summarize the
position of finite distributions (datasets). I characterize the class of location indices that are
minimizers of a continuous and convex expected loss. The main result establishes six axioms
that are necessary and sufficient for such a representation, with the corresponding loss unique
up to a positive multiplicative constant. The recovered class includes a broad set of summary
statistics, such as the mean and — in the limit — the median, but not the mode. Since the
loss is recovered from observed behavior, it can be interpreted through a decision-theoretic
lens: I show that, under suitable assumptions, the degree of asymmetry at the origin of the
loss function can be seen as a measure of first-order risk attitudes, while the loss function’s
degree of convexity governs the sensitivity of the index to extreme observations. I also show
that .for any dataset, any returned index coincides with one of its expectiles; so, a robust index

is observationally indistinguishable from a sensitive one with a biased asymmetry level.
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I. INTRODUCTION

Replacing a whole distribution of numbers with a representative single value is one of the most common
operations in Economics: we talk about average income, median voters, point forecasts, certainty equivalents,
and so on. The choice of a summary statistic rather than others is usually settled on pragmatic grounds: the
mean is intuitive, the median is robust, the mode is easy. This choice is not innocuous: reporting the mean
of a right-skewed income distribution rather than its median is a decision that lets a few rich individuals pull
the reported measure up, and treats upward approximations as no worse than downward ones of the same
size. More generally, when choosing any summary statistic, one implicitly takes a stand on how mistakes of
different signs and magnitudes should be penalized.

In this paper, I study location indices: maps m that assign to each dataset D = {x;p} a single value

m(D) describing its central position. Many common indices are found as minimizers of an expected loss:

m(D) = arg rnyin sz C('riv y)a

where c(x,y) is a continuous and convex function measuring the cost of representing an observation x with
the value y. This is not only true for traditional statistical methods — e.g. the least squares criterion, or the
maximum log-likelihood principle — but also for more recent algorithms from the machine learning literature:
the Hedge algorithm, the Online Gradient Descent (OGD), Follow the Regularized Leader (FTRL), Support

! Read this way, c is not a

Vector Machines (SVM) all usually assume a continuous, convex loss function.
mere technical device; rather, it serves as a description of the analyst’s preferences over mistakes: how much
a given over- or under-approximation hurts.

While the elicitability literature (Osband, 1985) relates functionals to losses by taking the functional as
given and asking which losses are consistent with it, I reverse the direction by placing interpretable axioms

on the map itself, investigating which of them admit a representation in terms of an expected loss. To some

extent, this can be seen as a revealed preference exercise over averages: what must an averaging choice m

'Indeed, it is common in supervised learning to use continuous, convex surrogates to replace the discon-
tinuous or non-convex ideal objective.



satisfy for it to be as if minimizing an expected loss for some well-behaved ¢?

The answer to this question is Theorem 1, in which I pin down six axioms — Certainty Matching, Conti-
nuity, Dominance, Translation Invariance, Odds Independence, and Reduction — that are jointly necessary
and sufficient for m to minimize a continuous, strictly convex, translation-invariant expected loss, and I show
that the corresponding loss function is unique up to a positive multiplicative constant. The real novelty of
such representation consists in the last two axioms, as the first four are regularity conditions shared, in one
guise or another, with classical theories of means. In particular, while Odds Independence disciplines how
observations and relative frequencies are traded off in binary datasets — allowing to rationalize the map
with a single loss rather than with a reference-dependent family — Reduction imposes a recursive structure
to the evaluation of datasets, guaranteeing that the representation built on binary ones can be extended to
those of arbitrary size.

The class of summary statistics recovered by these axioms is not new, as it coincides with the translation-
invariant M-estimators of Huber (1964). What is new is the direction of the argument, together with its
implied behavioral content: since the loss is recovered from the map rather than assumed, its geometrical
features become properties inherited from the valuation choices rather than modeling assumptions. In
particular, T focus on how the loss weighs over- against under-prediction, which corresponds to a notion of
asymmetry of the loss function with respect to the vertical axis, and how steeply it grows with the size of
a mistake, which corresponds to its degree of converity. I show that the asymmetry at the origin governs
first-order risk attitudes in the sense of Segal and Spivak (1997): a loss that punishes small downside errors
more sharply than equal upside ones produces a conservative measure of centrality; hence, risk aversion.
Similarly, I tie the notion of convexity with the one of robust statistics by relating the degree of curvature
of the loss function with the gross error sensitivity of m.

While conceptually distinct, asymmetry and convexity may be difficult to disentangle in the data: in
Theorem 2, I show that for any finite dataset and reported summary statistic, there exists an asymmetry
level so that the chosen value corresponds to an expectile of the dataset; as a result, a robust index evaluated
on one dataset is observationally indistinguishable from a sensitive one applied with a biased directional

weight. This means that sensitivity to extremes observations cannot be read off a single evaluation, and that



asymmetry and convexity cannot be jointly identified from any cross-sectional forecast data.

The remainder of this paper proceeds as follows. Section 2 reviews the related literature. Section 3 sets
up the model. Section 4 introduces the axioms, proves the representation theorem, and locates the mean,
median, and mode within the framework. Section 5 develops the decision-theoretic analysis of asymmetry

and convexity. Section 6 concludes.

II. RELATED LITERATURE

This paper sits at the intersection between the mathematical theory on means and representative values,
the statistical literature on elicitability and consistent scoring functions, and the decision-theoretic charac-
terization of certainty equivalents. In all such studies, the main object of interest is a location measure
representable as the minimizer of an expected loss.

The formal study of representative values originates with Cauchy (1821), who introduced the concept of
average (or mean) as any intermediate value that lies strictly between the minimum and maximum values
of a given set. To some extent, this is the first example of axiomatic characterization of a location index, as
Cauchy defined the notion of mean by its desirable properties rather than simply providing a mathematical
formula. Since then, several axiomatic works on different notions of means have been developed (Kol-
mogorov, 1930; Nagumo, 1930; Chambers, 2009; Bellini and Peri, 2022). For instance, Kolmogorov (1930)
and Nagumo (1930) independently characterized quasi-linear means through the properties of reflexivity,
continuity, monotonicity, symmetry, and associativity.

A parallel stream of work, associated with Chisini (1929) and De Finetti (1931), defined a mean through
an invariance property: a value that, when substituted for every observation, leaves a designated functional
of the data unchanged. Such property is variational in the spirit, and is the direct ancestor of the Reduction
axiom proposed in this study. Larger discussions on the concept and multiplicity of means are discussed by
De Carvalho (2016) and Singpurwalla and Lai (2020).

Theorem 1 in this paper extends this work in two ways. First, it enlarges the admissible class beyond the
quasi-linear means to the full set of indices elicitable by a continuous, strictly convex loss. Second, and more

crucially, it abandons the symmetry axiom: by permitting the loss to weight positive and negative deviations



differently, the characterization admits asymmetric indices — such as expectiles, and quantiles in the limit
— that the classical theory excludes by construction. The Reduction axiom plays, in this setting, the role
occupied by associativity in the quasi-linear theory, and provides a more flexible notion of invariance.

In the language of forecast evaluation, the representation in this paper, m(D) = argmin, Y . p; c(z;, ),
means that the index m is elicitable, and that c is a strictly consistent scoring function for it. The question
of which functionals admit such a representation — and which scores are consistent for a given functional
— has been studied extensively in statistics and, more recently, in mathematical finance: Savage (1971) and
Schervish (1989) characterized the scores consistent for the mean, Osband (1985) established the principle
linking consistent scores to identification functions; and Gueiting (2011) unified these results, showing that
the mean is elicited precisely by Bregman divergences, quantiles by generalized piecewise-linear scores, and
expectiles by their asymmetric analogues. Lambert et al. (2008) and Steinwart et al. (2014) characterized
elicitability itself through the convexity of the functional’s level sets, while Ziegel (2016) and Fissler and Ziegel
(2016) extended the analysis to coherent risk measures and to higher-order elicitability. Within Economics,
Elliott et al. (2005) developed the estimation of forecasts under flexible loss.

This paper contributes to this literature by proposing a dual, complementary approach to the topic:
instead of taking the functional as primitive and asking which scores are consistent for it, my characterization
proceeds in reverse, placing interpretable axioms on the location map, and recovering the class of functionals
it can be represented by. While the recovered class is not itself new — it corresponds to the translation-
invariant location M-estimators of Huber (1964) — the axiomatic foundation is, and the substantive content
concentrates in the two axioms without a counterpart in classical theories, Odds Independence and Reduction.

This paper is also close to some work in decision theory interpreting certainty equivalents as a measure
of centrality for probability distributions of prizes. While the intuition is well-grounded (Huygens, 1657;
Bernoulli, 1738; Neumann and Morgenstern, 1944; Finetti and Emanuelli; 1967), the strategy of resolving
to this parallelism to shed light on decision under risk is relatively new. For instance, Hong (1983) moved
beyond quasi-linearity to accommodate income inequality and the Allais paradox, while Fishburn (1986)
provided an axiomatic characterization of certainty equivalents as implicit mean values, moving beyond

expected utility representations. This paper is methodologically closest to the latter: Theorem 1 can be seen



as a modification of Fishburn’s representation in which skew-symmetry and ratio-continuity are relaxed and
uniform monotonicity is forced to be positive, so that the resulting indices are genuine location measures
rather than signed evaluations. This strand also licenses the decision-theoretic reading developed in Section
5, in which the loss function is the primitive expression of a decision maker’s preferences over mistakes.
Finally, the paper is also related to the literatures on specific measures of centrality. In particular, it
connects to the concept of expectiles (Newey and Powell, 1987), which have been often referred to as gener-
alized quantiles (Breckling and Chambers, 1988; Chen, 1996; Bellini, Klar, et al., 2014), and applied to risk
management (Bellini and Di Bernardino, 2017; Daouia et al., 2020). Quantiles, characterized axiomatically
by Chambers (2009) and Bellini and Peri (2022) and estimated by Koenker and Bassett Jr (1978), enter the

present framework as a limiting case.

I1I. MODEL

Let D = {x;p} denote a dataset, where x = (z1,...,x,) € R™ is a set of observations, and p = (p1,...,pn) €
(0,1]™ is the set of corresponding frequencies. I assume without loss of generality that observations are
increasingly ordered, i.e. #1 < --- < x,, and that frequencies are expressed in relative terms, i.e. > . | p; =
1. The space of all such datasets is D, while the one of all D with n < 2 (i.e. degenerate and binary
datasets) is DcD. Degenerate distributions {z; 1} are denoted by 6,.? Finally, throughout the analysis, let
D+k={z1+k,...,xn+k;p1,...,pn} for any k € R, and Np = {1,...,n} denote the index set of dataset
D.

A location index for D is a single value that describes the dataset’s central position. Common examples
of location indices are the mean, the median, the mode, the minimum, the maximum, and so on. Formally,
I model the determination of a location measure (informally called “averaging”) through a location mapping
m : D — R. Note how this process can be seen as the approximation of D = {x1,...,Zn;p1,...,pn} with
Om(p)y = {m(D); 1}. The cost of this operation is represented by the consequential loss of information: when

averaging data, I obtain a coarser yet easier description of its distribution.® The cost of approximating

2] metrize D by identifying each binary dataset with the corresponding parameter vector (x1,z2,p) €
R? x (0,1), while each degenerate dataset d, is identified by (z,-,1). The resulting set is endowed with the
Euclidean distance, and convergence in Axiom 2 is convergence in this metric.

3This roughly corresponds, at least in the core intuition, to what occurs when converting an image from



observation x with value y is measured by a loss function c(x,y).

Definition 1 ¢: R xR — RS’ s a loss function if it is continuous in each argument, strictly convex in its

second argument, c(z,y) =0 < x =y, and c(z,y) = c(z + k,y + k) for any k € R.

Continuity is a technical assumption. c¢(z,y) = 0 & a = y simply states that there is no loss of
information when (and only when) no approximations have been made. c¢(z,y) = ¢(x + k,y + k) — which
I will refer to as functional translation invariance — implies that the cost of the information loss caused
by approximating x with y only depends on the size of the mistake (z — y), while its position on the real
line is irrelevant.* Strict convexity implies that larger errors amplify the penalty disproportionately — each
additional unit of deviation from x is more expensive than the previous one. Together with the normalization
at x =y, it also means that bigger mistakes (in either directions) cost more. Finally, paired with functional
translation invariance, strict convexity characterize ¢ as a measure of difference. The set of all such loss
functions is denoted by C.

For a given c € C, I define the cost of representing D with y as:
i=1

This is consistent with standard methodologies in statistics and ML, and enables the model to incorporate

OLS and WLS as special cases.

IV. AXIOMATIZATION

I am interested in which properties the location mapping must satisfy so that the corresponding location
index m(D) is a minimizer of C'(D,y) for some ¢ € C. In other words, I am looking for all measures of
central tendency that can be characterized as the solution of a variational problem, i.e. that are minimizing

variation from the center according to some notion of discrepancy.’

PNG to JPG format: the image quality is sacrificed in order to get a lighter file.

4While ensuring to capture the position of the distribution on the real line (and only that!), functional
translation invariance rules out relative penalties, e.g. c¢(x,y) # c¢(Az, Ay) in general.

5Computing a location index m (D) = y amounts to collapsing a non-degenerate distribution D onto the
degenerate distribution d,. This operation transports mass p; from each z;to y at unit cost ¢(x;,y), so that

7



To start, I introduce an axiom on degenerate datasets:
Axiom 1 (Certainty Matching) m(d,) =«

Certainty matching states that the location index of a point observation is the observation itself. This

intuitive condition is satisfied by all known measures of central tendency.
Axiom 2 (Continuity) For any {Dj}ren € D and D € D,Dy — D = m(Dy,) — m(D)

Continuity is a technical assumption which, broadly speaking, requires similar datasets to have similar

measures of central tendency.® 7
Axiom 3 (Dominance) YD, D’ € D, D =rosp D' — m(D) > m(D’)

Dominance requires binary distributions of unambiguously higher observations to have higher measures of
centrality. To some extent, it complements the previous axioms by characterizing “reasonable” summary
statistics: as matter of fact, Certainty matching, Continuity and Dominance are all included in Kolmogorov

and Nagumo’s axioms on regular means (Kolmogorov, 1930; Nagumo, 1930).
Axiom 4 (Translation Invariance) ¥k € R and D € D, m(D + k) = m(D) + k

In words, adding k to every observation of a binary dataset translates it horizontally on the number line by k.
As a result, the position of the dataset, measured my m, is also shifted by k, while relative positions within
the dataset remain unchanged. Intuitively, this axiom ensures that the location index is a pure measure of

central location tracking where the data is, rather than how it is shaped.

Axiom 5 (Odds Independence) Let D = {z,z,p}, D' = {z,2,q}, D" = {z,Z,r} and D" = {z, %, s}, with

Kl

z<z<y<z<z Ifm(D)=m(D)=m(D")=m(D") =y, then:

q 1—p s 1—r

1—q. p T1-s 7

minimizing the total cost C'(D,y) is formally a one-dimensional optimal transport problem (Monge, 1781;
Kantorovich, 1942). The optimal location index m (D) minimizes this transport cost. The connection is not
merely algebraic: psychological evidence suggests that humans represent numbers on a spatially oriented
mental number line (Moyer and Landauer, 1967; Dehaene et al., 1999), providing substantial support to the
“cost of moving mass” interpretation.

SNote that I require continuity on degenerate and binary datasets only.

7Axiom 2 is stated sequentially, whereas the Euclidean metric makes it an assertion of joint continuity
of m in (z1,x2,p). The two coincide: D is a metric space, hence first-countable, so sequential continuity is
equivalent to continuity.



Odds Independence regulates how observations and frequencies are traded off in binary datasets. In partic-
ular, the change in frequencies required to keep the average constant when increasing the higher observation
should not depend on the lower observation, and viceversa. In other words, the “exchange rate” between

value changes and frequency changes is independent across observations.

Axiom 6 (Reduction) For any D of size n > 2 with m(D) = y, there exists a dataset D’ of size (n — 1)

with m(D’) = y obtained from D by one of the following two constructions.

1. Reduction by Cancellation: If y = z;, for some ) € supp(D), then:

D = {{xi}#k ; { 1 fipk }wfk}

2. Reduction by Aggregation: If y € (z1,2,) but y ¢ supp(D), D’ is obtained by replacing an

adjacent pair (z;,z;+1) lying on the same side of y with a single outcome & of frequency p; + p;+1. To
determine Z, fix any anchor k strictly on the opposite side of y from the pair. Then, for each x on the
pair’s side, let s, (2; k) € (0,1) be the (unique) weight on x such that m{s, (z; k) 0o+ [1—s,(z; k)] 6% } =

y. Then, Z is the unique value satisfying:

1—sy(Tk) _ pi 1= sy(zk) piv1 1= sy(xiy13k) @)
5y(7; k) Pi + Pit1 sy(xi k) Pi + Pit1 Sy(Tiy1:k)

Reduction is a procedural axiom describing a recursive structure for simplifying datasets. This allows to
iteratively reduce the size of a dataset while keeping its centrality fixed, in the same spirit of the associa-
tivity property of quasi-linear means (Kolmogorov, 1930; Nagumo, 1930). The actual simplification method
depends on how the selected location index compares to the observations: if y is equal to one of the observa-
tions g, with & € Np, then the axiom acts as a cancellation principle: D’ is obtained by removing zj, from
the dataset, and redistributing its mass py among the remaining n — 1 values in proportion to their original

frequencies.®

8For instance, if D = {1,2,3;%,%, 4} and m(D) = 2, then D’ = {1,3; 1,1}



Otherwise, a pair of adjacent observations is merged according to a similarity-preserving transformation.”
To see why, note that the weight s, (z; k) captures how similar the observation x is to the target measure y:
the more weight x must carry to drag a two-point location index onto y (against the fixed opponent k), the

closer x and y already are. Hence, the corresponding odds 1=5@h) bohave as a dissimilarity index, possibly

on a non-linear scale, which is small for z close to y, and grows as x and y move apart.'?

It is important to clarify the role of the anchor k: in this context, k fixes the unit in which dissimilarities
are expressed, but not their relative magnitudes. Formally, Axiom 5 implies that moving from one anchor
to another corresponds to multiplying all odds by the same conversion rate. Hence, Equation (2) remains

the same regardless of k, and so does 7.

The next result characterizes the class of location mappings satisfying Axioms 1-6:

Theorem 1 (Variational Representation) The following are equivalent:

1. m satisfies Axioms 1-6;

2. dec € C such that:

m(D) = arg miani c(z,y) VDeD
Yoia

Also, ¢ is unique up to any positive multiplicative constant.

I call this variational representation because the index m is not defined by an explicit formula; rather, it
is the solution of an optimization problem: m(D) is the value from which the data vary the least, with the
notion of “least” defined by the loss ¢. Thus, the representation characterizes a center by what it minimizes
rather than by how it is computed.

The proof of Theorem 1 is constructive, and is available in Appendix A.1. Broadly speaking, Axioms
1 — 3 are regularity conditions shared with classical theories of means (Kolmogorov, 1930; Nagumo, 1930;

Fishburn, 1986): Certainty Matching fixes the normalization ¢(z,z) = 0, Continuity delivers continuity of

9In the necessity direction of the proof, the first order condition holds for every admissible adjacent pair;
so, the reduced dataset is valued y regardless of which pair is merged. Conversely, the sufficiency proof
requires only one valid reduction per step.

For instance, let D = {0,3,12; %, 5,3} and take @ = %, so that m(D) = pi/3(D) = 3.6. Since
x1,x9 < 3.6 < x3, the axiom prescribes low-side aggregation on the adjacent pair (0,3). Fixing any anchor
k > 3.6, say k = 12, we solve for the weights 736(z) such that the %—expectile of {z,k; r36(x),1 —rse(x)}
equals 3.6, obtaining r36(0) = 15 ~ 0.54 and r36(3) = & = 0.88. Applying Equation (2) yields r3.6(%) = 2,

= _ _ L2 1
hence ¥ = 1.5, and D" = {1.5,12; £, 5}.

10



c and existence of the minimizer, and Dominance guarantees strict convexity. Translation Invariance allows
to shift the reference point y on the real line without any changes to the shape of ¢. The substance lies
in the remaining two axioms: Odds Independence guarantees that the marginal loss recovered from binary
comparisons is independent of the anchor against which it is measured; hence, it is what allows a single ¢
— rather than a reference-dependent family of loss functions — to rationalize all binary datasets at once.
Finally, Reduction occupies the role that associativity plays in the Kolmogorov—Nagumo characterization
of quasi-linear means: it extends the binary representation to datasets of arbitrary size by requiring that
collapsing a dataset one observation at a time leaves its center fixed.

Uniqueness of ¢ up to a positive multiplicative constant ensures that the averaging behavior encoded
in m recovers the loss that generates it. This is what permits to adopt the decision-theoretic approach
proposed in Section 5: if ¢ expresses a decision maker’s preferences over forecast errors, then observing how
she averages numbers allows to recover such preferences.

Relative to the characterizations discussed in Section 2, the contribution of this paper lies in the direction
of the argument: rather than fixing a functional and asking which scores are consistent for it, Theorem 1
places interpretable axioms on the location mapping and recovers the admissible class: the set of translation-
invariant M-estimators (Huber, 1964).

Subsection 4.1 makes this concrete, showing how popular location indices — mean, median, mode, and

their generalizations — relate to this representation.

4.1 Mean, median, mode.

A position index admits a variational representation exactly to the degree that its generating loss function
belongs to C. In this subsection, I show that the variational representation discussed above accommodates
the standard location indices (mean, median, mode) to different degrees, and the pattern is instructive:
expectiles (Newey and Powell, 1987),'! — which include the mean — are generated by strictly convex losses,

and lie inside the class. Quantiles —- which include the median — are generated by losses that are convex

"For any a € (0,1), the a—expectile of a distribution D is ua (D) = argmin, E[pa(D —y)], with:

2
= {32 !

(1-a)u?u<0 3)

11



but not strictly so; hence, they sit on the boundary of C, and are recovered only as a limit. On the other
hand, the mode — generated by a discontinuous loss — falls outside the class altogether. So, the three cases
help tracing the boundary of what the axioms can represent. This classification is formalized by the next

result, where, for a given D € D, u, (D) denotes its a—expectile, g, (D) its a—quantile, and M (D) its mode.

Proposition 1 (Expectiles, Quantiles, Mode.)
1. Ya € (0,1), 3¢ € C such that m(D) = p(D) for any D € D;
2. Va € (0,1), 3 {cm}men C C such that (i) for any pair (z,y), lim cp,(z,y) = c(z,y) and (i)
m— o0

argming Y . pic(z4,y) = qo(D) for any D € D;
3. fceC such that m(D) = ps(D) ¥V D € D.

The formal proof is available in Appendix A.2, and it consists in showing that the asymmetric squared
losses generating expectiles belong to C, the piecewise-linear functions generating quantiles do not but are
the pointwise limit of a sequence that does, while the weighted 0-1 loss generating the mode is excluded
from C altogether.

It is worth noting two features of expectiles and quantiles. First, for both families of indices, « usually
generates an asymmetry between over- and under-prediction: unless o = 0.5, the loss functions generating
expectiles and quantiles penalize relatively more negative mistakes (i.e. a < 0.5), or positive ones (i.e.
a > 0.5), for a given size.?

Second, while « fixes the direction in which errors are overweighted, the convexity of the loss determines
how sharply the location index will react to outliers. This is where expectiles and quantiles differ: the
expectile’s quadratic loss penalizes a mistake by its squared magnitude; so, an outlier will pull the index
toward itself proportionally to its distance. On the other hand, the quantile’s linear loss only penalizes the

side on which a residual falls; so, the index responds to the mass lying above and below it, but not to how

far that mass is placed.

In words, expectiles are minimizers of asymmetric square loss functions, and they correspond to the sample
mean for a = 0.5. Intuitively, the a—expectile of D is the value that would be the mean if values above it
occurred 2= times as often as they actually do.

12 Asymmetric losses have a sampling rationale: when data go missing at rates that differ by the sign of
the error, the a-expectile and a-quantile of the observed distribution recovers the mean and the median of
the latent one, with %~ being the relative odds of positive versus negative mistakes (Philipps, 2022).

12



These two features, directionality and robustness, are nicely parametrized for expectiles and quantiles,3
but the underlying intuition is general. Any ¢ € C weights the two types of mistakes in some proportion,
and penalizes their sizes at some rate. Because the primitive of this paper is the map m rather than the loss
function, these features are inherited from the chosen index itself: by Theorem 1 the loss is recovered from
m; S0, its asymmetry and convexity are implicitly defined by the averaging behavior of m. In this sense, the
representation recovers some sort of preferences over averages — a disposition towards how errors of each
sign and size should count when determining a location index. Section 5 builds on this intuition, interpreting

the features of asymmetry and convexity of loss functions through a decision-theoretic lens.

V. ATTITUDES OVER MISTAKES

By functional translation invariance, ¢(z,y) = ¢(0,y — x): the loss ¢ depends on = and y only through the
residual e := y — x. Note that e > 0 implies over-prediction, while e < 0 implies under-prediction. For the

sake of clarity, let me define ¢(e) := c¢(x, y).

Asymmetry. Then, I can define asymmetry of ¢ (of ¢) as follows:

Definition 2 (Local Asymmetry) Fiz a residual e > 0. The loss ¢ is:
o symmetric at e if ¢p(e) = P(—e),
e positively asymmetric at e if p(e) > ¢(—e),

e negatively asymmetric at e if ¢p(e) < d(—e).

It is worth emphasizing this is a local requirement: a loss may be positively asymmetric at one residual
and negatively asymmetric at another.'* Global asymmetry is defined by requiring the conditions above to

hold for all e > 0. I next proceed by proposing a quantifier for local asymmetry:

Definition 3 (Asymmetry Coefficient) Fiz a residual e > 0. The asymmetry coefficient of ¢ is:

Ae) = log [ j(e) ] Ao = Tim Ale)

e—0t

BThey are measured by the asymmetry coefficient o and the power of the distance p, respectively.
MTor instance, take ¢(e) = €2 + 1 sin®(2).

13



It is easy to see that A(e) is equal to zero whenever ¢ is symmetric at e, positive whenever ¢ is positively
asymmetric at e, negative otherwise. In particular, A(e) — 400 denotes the limiting case of a loss function
penalizing positive mistakes only (i.e. ¢(e) — +oo or ¢(—e) — 0), while a(e) — —oo implies a ¢ that
penalizes negative mistakes only (i.e. ¢(e) — 0 or ¢(—e) — +00). Additionally, A9 — which I will refer to
as origin asymmelry — measures asymmetry in the immediate neighborhood of a null mistake.!?

I can provide a behavioral interpretation of the asymmetry of ¢. To do so, let us suppose that D is a
simple lottery, where each x; denotes a monetary prize, and each p; is its corresponding probability. Take a
decision maker (henceforth, DM) who must set a selling price the lottery.'® When solving this task, we can
imagine she tries to balance two possible sources of regret: setting a high price for a low realization (with the
risk of not being able to sell the lottery), or setting a low price for a good one. If we are willing to interpret
¢ as a regret function, where regret is strictly increasing in the realized discrepancy |z; — y|, then the DM
solves exactly the minimization problem described in Theorem 1.'7

Then, in this framework, m(D) represents the selling price that minimizes expected regret,'® and the
shape of ¢ is the primitive expression of the DM’s preferences over different mistakes. In particular, the
origin asymmetry 4y measures local risk attitudes. To see why, let me consider the DM’s risk premium for

lottery D:

so that (D) > 0 is risk aversion, w(D) = 0 is risk neutrality, and 7(D) < 0 is risk seeking. To isolate the
role of asymmetry, I evaluate 7(D) on a symmetric binary lottery D = {—t,t; 1, 1}, so that 7(D) = —m(D).

1272

Then — under mild regularity conditions — it is possible to show that:

7(Dy) = — tanh <“‘;°)t +o(t) (4)

15For check (Koenker and Bassett Jr, 1978) and swoosh functions (Newey and Powell, 1987), it is easily
showed that A(e) is constant for all e, — i.e. check and swoosh functions are globally (a)symmetric — and
corresponds to the logit function of their asymmetry parameter . This includes the origin asymmetry Aj.

16The interpretation is theoretically the same if the DM is trying to buy the lottery, instead.

1"For a more detailed discussion of this interpretation, check my other paper “When do certainty equiv-
alents not measure risk preferences?”.

18This corresponds to the certainty equivalent of lottery D in the sense of Fishburn (1986).
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Broadly speaking, Equation (4) maps the loss’ origin asymmetry to the sign of the risk premium.'® For
instance, a loss with negative origin asymmetry — i.e. one that penalizes small downside discrepancies from
the reference point more sharply than equal upside ones — generates a strictly positive premium: the DM
sets a “conservative” certainty equivalent, and is risk averse. Positive origin asymmetry generates a negative
premium and risk seeking. The intuition behind null and positive origin asymmetry is analogous.

Note that Equation (4) implies that the risk premium (D) is linear in ¢. In the taxonomy of Segal and
Spivak (1997), this is first-order risk aversion: the risk premium is proportional to the standard deviation of
the gamble rather than to its variance, and does not become negligible as the gamble shrinks.?’ Segal and
Spivak (1997) show that first-order risk aversion requires a kink in the agent’s representation at the point of

certainty. In this model, this can be found at ¢(0).

Convexity. While asymmetry concerns with the distinction between over- and under-approximation, —
that is, how ¢ responds to mistakes of different signs — a logically distinct feature concerns how it responds
to mistakes of different magnitudes: in other words, how steeply the loss grows as the location index y moves
further from observation x. This aspect is captured by the degree of convexity of ¢. Unlike asymmetry,
which entails a comparison between the two branches of the loss functions, convexity is a within-branch

property. I measure convexity as follows:

Definition 4 (Convexity Coefficient) Fiz a residual e # 0. If ¢ is twice-differentiable at e, then the convezity

coefficient of ¢ at e is:

e¢"(e) :
k(e) = o) k(0) = 21_% k(e)
Two aspects are worth pointing out. First, just like asymmetry, convexity is a local property, and

usually varies across residuals.?! Second, even if the coefficient shares its functional form with the Arrow-

Pratt coefficient of relative risk aversion, the resemblance is purely formal, and k(e) can’t be interpreted as

9For the swoosh loss, — tanh (%) = 2a — 1, so that a < 0.5 implies risk aversion, a = 0 implies risk
neutrality, and a > 0.5 implies risk seeking. m(D) is the a—expectile of D.

20This is a sharp difference from EU, which assumes second order risk aversion. As a result, a smooth
EU agent is approximately risk neutral toward small risks.

21For the power family of loss functions, (e) is constant, and is equal to § — 1.
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a measure of second-order risk aversion. To see why, first note that the two coefficients are computed on
different primitives over different arguments: relative risk aversion is the relative curvature of utility u a
function of monetary prizes x; and summarizes how the DM values money. On the other hand, the convexity
coeflicient is the relative curvature of loss ¢ as a function of the mistake e, and summarizes how the loss for
mis-prediction grows with its size.

Second, convexity and Arrow-Pratt risk aversion act at different orders of small-gamble premia: while
the former affects the first-order coefficient — i.e. the slope of the premium in the stake, and hence whether
arbitrarily small gambles are rejected — the latter sets the second-order coefficient. Hence, convexity cannot
be a measure of Arrow-Pratt risk aversion.

Rather, x(e) is a measure of sensitivity to extremes: it quantifies the degree to which ¢ penalizes larger
residuals compared to smaller ones. In this context, extremes are defined in relative terms with respect to
the location index y: to further away x is from y (in either direction), the more extreme x is. In other words,
convexity determines the rate at which an observation’s influence on the optimal value of y is amplified by
its distance from y itself.

Indeed, the convexity coefficient is connected to the gross error sensitivity of m at D, the usual quantifier
of robustness of estimators to outliers (Hampel, 1968).2? Since the influence function of m at D is propor-
tional to the contribution evaluated at the contaminating residual, the gross-error sensitivity is finite if and
only if the marginal loss is bounded or, equivalently, the tail convexity & = lim|.|_,o #(e) does not exceed
zero. Thus, the coefficient traces a continuum of robustness: at x(e) = 0, the contribution is bounded and
m is robust (the quantile case); k(e) = 1, the influence grows linearly, and m inherits the non-robustness
of the mean; for x(e) > 1, the influence grows super-linearly and m is anti-robust, i.e. its value is mainly

driven by extreme observations.

22The Gross Error Sensitivity (GES) of functional m at D is:

~v(m, D) = sup |[IF(x;m, D)|
x

where IF(z;m, D) = lim,_,o ™= C)DJF“; [=m(D) is the Influence Function of m at D. In words, y(m, D)
measures the highest influence that an infinitesimal contamination of the underlying distribution D with
point & can have on the estimator m. While it is often infinite, signaling that m will account for any type of
contaminations — including extreme ones, there exist some natural conditions under which the GES has a

positive lower bound (Hampel, 1974). Hence, we can compare local robustness of estimators at by comparing
their GES at D.
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Identification. Conceptually, asymmetry and convexity are distinct features of ¢: while the first shapes
a directional attitude toward over- versus under-prediction, the second determines the rate at which the loss
grows with the size of the mistake. Whether they can be successfully separated, however, is a different
question. The answer is negative on two independent grounds: one structural, concerning the shape of ¢
itself, and one observational, concerning what a single forecast can reveal.

From a structural perspective, it must be noted that convexity is usually branch-dependent. I refer to
this phenomenon as asymmetric convexity: in this case, the marginal role of each feature in determining
the position of m(D) is not defined.?® Orthogonality is only recovered when ¢ is described by a unique
convexity coefficient that is invariant to asymmetry.?*As a result, the analyst cannot disentangle the marginal
contribution of each feature to m(D) from forecast data on binary datasets: since y acts as an endogenous
reference point, observations from binary datasets will necessarily be split between one under-prediction and
one over-prediction, making impossible to gather within-branch information.

The observational issue is even more fundamental, and holds regardless of whether ¢ displays asymmetric
convexity or not. It is that sensitivity to extremes cannot be identified from the evaluation of a single dataset.

The following result makes this precise:

Theorem 2 VD € D and ¥V m(D) € (x1,zy), 3é& € (0,1) such that m(D) = pa(D).

The proof is available in Appendix A.3. In words, for any dataset D with a measure of centrality equal
to m(D), there exists an effective asymmetry level & € (0,1) such that m(D) coincides with d-expectile of
D.?> Consequently, a robust index can be (mis)interpreted as a sensitive index with a biased directional

weight.26

23 An example is reported in Appendix B.

24For instance, this is satisfied by swoosh functions.

25Tt is important to notice that Theorem 2 should be read per dataset: it says that each m(D) can be
matched by some expectile, not necessarily the same one.

26To see how, let the vector of annual incomes (in thousands of pounds) for five individuals be D =
{20, 30,40,50,460}. The mean is 120, the median is 40. However, the median also corresponds to the
6.52%—Expectile. Hence, evaluating D by its median is equivalent to assigning 14 times more weight to
poorer individuals.
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VI. CONCLUDING REMARKS

In this paper, I characterize location indices from an axiomatic perspective: rather than choosing a loss
function and asking which location measure it elicits, I take the location mapping as the primitive of the
model, and explore the conditions under which it can be represented as the minimizer of a continuous,
strictly convex, translation-invariant expected loss. The representation I obtain is unique up to a positive
multiplicative constant, and recovers the class of translation-invariant M —estimators.

The characterization also provides a behavioral interpretation of the underlying loss: since it is directly
recovered from choice, its properties can be interpreted as revealed features of the averaging procedure. In
particular, I show that its degree of origin asymmetry captures how over- and under-prediction are traded
off, while convexity determines the extent to which extreme observations affect the reported measure of
centrality. At the same time, the analysis shows that these features cannot be separately identified from a
single evaluation.

More generally, the paper shows that location indices can be studied through the properties of averaging
choices, without making any assumptions on the underlying loss a priori. Such perspective complements the
existing literature on elicitability by providing an axiomatic route from observable averaging behavior to the

loss function that rationalizes it.

REFERENCES

Bellini, Fabio and Elena Di Bernardino (2017). “Risk management with expectiles”. In: The European Journal
of Finance 23.6, pages 487-506 (cited on page 6).

Bellini, Fabio, Bernhard Klar, Alfred Miiller, and Emanuela Rosazza Gianin (2014). “Generalized quantiles
as risk measures”. In: Insurance: Mathematics and Economics 54, pages 41-48 (cited on page 6).

Bellini, Fabio and Ilaria Peri (2022). “An axiomatization of A-quantiles”. In: SIAM Journal on Financial
Mathematics 13.1, SC26-SC38 (cited on pages 4, 6).

Bernoulli, Daniel (1738). “Specimen theoriae novae de mensura sortis”. In: (cited on page 5).

18



Breckling, Jens and Ray Chambers (1988). “M-quantiles”. In: Biometrika 75.4, pages 761-771 (cited on
page 6).

Cauchy, Augustin Louis Baron (1821). Cours d’analyse de [ "Ecole Royale Polytechnique. Imprimerie royale
(cited on page 4).

Chambers, Christopher P (2009). “An axiomatization of quantiles on the domain of distribution functions”.
In: Mathematical Finance: An International Journal of Mathematics, Statistics and Financial Economics
19.2, pages 335-342 (cited on pages 4, 6).

Chen, Zehua (1996). “Conditional Lp-quantiles and their application to the testing of symmetry in non-
parametric regression”. In: Statistics € probability letters 29.2, pages 107-115 (cited on page 6).

Chisini, Oscar (1929). “Sul concetto di media”. In: Periodico di matematiche 4.9, pages 106-116 (cited on
page 4).

Daouia, Abdelaati, Stéphane Girard, and Gilles Stupfler (2020). “Tail expectile process and risk assessment”.
In: (cited on page 6).

De Carvalho, Miguel (2016). “Mean, what do you Mean?” In: The American Statistician 70.3, pages 270-274
(cited on page 4).

De Finetti, Bruno (1931). Sul concetto di media. Istituto italiano degli attuari (cited on page 4).

Dehaene, Stanislas, Elizabeth Spelke, Philippe Pinel, Ruxandra Stanescu, and Sanna Tsivkin (1999). “Sources
of mathematical thinking: Behavioral and brain-imaging evidence”. In: Science 284.5416, pages 970-974
(cited on page 8).

Elliott, Graham, Allan Timmermann, and Ivana Komunjer (2005). “Estimation and testing of forecast ratio-
nality under flexible loss”. In: The Review of Economic Studies 72.4, pages 1107-1125 (cited on page 5).

Finetti, B de and F Emanuelli (1967). “Economia delle assicurazioni, Trattato Italiano di Economia, vol”.
In: XVI, UTET, Torino (cited on page 5).

Fishburn, Peter C (1986). “Implicit mean value and certainty equivalence”. In: Econometrica: Journal of the
Econometric Society, pages 1197-1205 (cited on pages 5, 10, 14).

Fissler, Tobias and Johanna F Ziegel (2016). “Higher order elicitability and Osband’s principle”. In: The

Annals of Statistics, pages 1680-1707 (cited on page 5).

19



Gneiting, Tilmann (2011). “Making and evaluating point forecasts”. In: Journal of the American Statistical
Association 106.494, pages 746-762 (cited on page 5).

Hampel, Frank R (1974). “The influence curve and its role in robust estimation”. In: Journal of the american
statistical association 69.346, pages 383-393 (cited on page 16).

Hampel, Frank Rudolf (1968). Contributions to the theory of robust estimation. University of California,
Berkeley (cited on page 16).

Hong, Chew Soo (1983). “A generalization of the quasilinear mean with applications to the measurement of
income inequality and decision theory resolving the Allais paradox”. In: Econometrica: Journal of the
Econometric Society, pages 1065-1092 (cited on page 5).

Huber, Peter J. (March 1964). “Robust Estimation of a Location Parameter”. In: Annals of Mathematical
Statistics 35.1, pages 73-101. DOI: 10.1214/aoms/1177703732. URL: https://doi.org/10.1214/aoms/
1177703732 (cited on pages 3, b, 11).

Huygens, Christiaan (1657). De ratiociniis in ludo aleae. Ex officinia J. Elsevirii (cited on page 5).

Kantorovich, LV (1942). “On the translocation of masses, CR Dokl”. In: Acad. Sci. URSS 37, pages 191-201
(cited on page 8).

Koenker, Roger and Gilbert Bassett Jr (1978). “Regression quantiles”. In: Econometrica: journal of the
Econometric Society, pages 33-50 (cited on pages 6, 14, 29).

Kolmogorov, AN (1930). “kSur la notion de la moyenne, 1Atti Accad”. In: Naz. Lincei Rend 12, page 388
(cited on pages 4, 8-10).

Lambert, Nicolas S, David M Pennock, and Yoav Shoham (2008). “Eliciting properties of probability distri-
butions”. In: Proceedings of the 9th ACM Conference on Electronic Commerce, pages 129-138 (cited on
page 5).

Monge, Gaspard (1781). “Mémoire sur la théorie des déblais et des remblais”. In: Mem. Math. Phys. Acad.
Royale Sci., pages 666-704 (cited on page 8).

Moyer, Robert S and Thomas K Landauer (1967). “Time required for judgements of numerical inequality”.

In: Nature 215.5109, pages 1519-1520 (cited on page 8).

20


https://doi.org/10.1214/aoms/1177703732
https://doi.org/10.1214/aoms/1177703732
https://doi.org/10.1214/aoms/1177703732

Nagumo, Mitio (1930). “Uber eine klasse der mittelwerte”. In: Japanese journal of mathematics: transactions
and abstracts. Volume 7. The Mathematical Society of Japan, pages 71-79 (cited on pages 4, 8-10).
Neumann, Johann v and Oskar Morgenstern (1944). Theory of games and economic behavior. Princeton
University Press (cited on page 5).

Newey, Whitney K and James L Powell (1987). “Asymmetric least squares estimation and testing”. In:
Econometrica: Journal of the Econometric Society, pages 819-847 (cited on pages 6, 11, 14, 29).

Osband, Kent (1985). “Providing incentives for better cost forecasting”. In: PhD Thesis. URL: https://
api.semanticscholar.org/CorpusID: 166712475 (cited on pages 2, 5).

Philipps, Collin (2022). “Interpreting expectiles”. In: Available at SSRN 3881402 (cited on page 12).

Rockafellar, R Tyrrell (1997). Convex analysis. Volume 28. Princeton university press (cited on page 28).

Savage, Leonard J (1971). “Elicitation of personal probabilities and expectations”. In: Journal of the Amer-
ican Statistical Association 66.336, pages 783-801 (cited on page 5).

Schervish, Mark J (1989). “A general method for comparing probability assessors”. In: The annals of statistics
17.4, pages 1856-1879 (cited on page 5).

Segal, Uzi and Avia Spivak (1997). “First-order risk aversion and non-differentiability”. In: Economic Theory
9.1, pages 179-183 (cited on pages 3, 15).

Shaked, Moshe and J George Shanthikumar (2007). Stochastic orders. Springer (cited on page 22).

Singpurwalla, Nozer D and Boya Lai (2020). “What Does the” Mean” Really Mean?” In: arXiv preprint
arXiv:2003.01973 (cited on page 4).

Steinwart, Ingo, Chloé Pasin, Robert Williamson, and Siyu Zhang (2014). “Elicitation and identification of
properties”. In: Conference on Learning Theory. PMLR, pages 482-526 (cited on page 5).

Ziegel, Johanna F (2016). “Coherence and elicitability”. In: Mathematical Finance 26.4, pages 901-918 (cited

on page 5).

21


https://api.semanticscholar.org/CorpusID:166712475
https://api.semanticscholar.org/CorpusID:166712475

I. PROOFS

1.1 Theorem 1

Assume m admits a variational representation: 3¢ € C such that:

m(D) = arg myianiC(l‘u y) (5)

i=1

for any D € D. To show Axiom 1, take any degenerate distribution {z;1}. The axiom immediately follows
from the fact that c(z,y) > 0 and ¢(z,y) < = y.

To show Axiom 2, take any pair Dy, D* € D such that Dy — D*. Let y, = m(Dy) and y* = m(D*).
Note that strict convexity of ¢(z,y) implies that m(D) always exists and is unique; so, y; and y* are well
defined. Also, m(D) € (x1,z,). As yi belongs to a compact set, I can take any subsequence I C N and

obtain that y; for k € I has an accumulation point 3. By definition of y:

C(Dr,yr) < C(Dy,y) (6)

for any y € [x1,2,] and k € I. As c(z,y) is continuous, C(D,y) is also continuous; so, Equation 6 in the
limit becomes:

C(D",y") < C(D",y)

for any y € [z1,x,]. As the minimizer is unique, this proves y’ = y*. In particular, this shows y, — y*.

To prove Axiom 3, let Dy = {x1,x2;p,1 — p} and Dy = {z1,22;¢,1 — ¢} such that D; =rosp Da.
Then, 3 151,152 € D defined on the same probability space such that 151 =rosp D1, f)g =rosp Do and
P(D; > Dy) =1 (Theorem 1.A.1, Shaked and Shanthikumar, 2007). In other words, there exist a k € N,
with k& > max{m,n}, and a vector 6 = (d102) with §; > 0 for each i (at least one strict to avoid triviality)

such that:
Dl = {w1 +61,w2 +62;T,1 —’I“}

Dy = {wy, wa;r, 1 — 1}
It is easy to see that g7 = y7 and g5 = y5. Next, note that ¢35 must satisfy:
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Z ri c(wi, 95) =0 (7)

It follows that 2% 7 ¢ (w; + 6;, 93) < 0, which implies g7 > 75 = y} > 3.
Axiom 4 follows from c(z,y) = c¢(x + k,y + k) for any k. To see why, take any D € D and let m(D) = y.

Take also any other k,y" € R. Then, I can write:
C(D,y) <C(D,y)

sz c(wi,y) <sz c(xi,y)
i=1
Zn (@i + kyy + k) <> pic(wi + b,y + k)
=1 =1
C(D+k,y+k)<CD+ky")

for all ¥y’ € R. Hence, m(D + k) = m(D) + k.
Axiom 5 is easily shown by observing that m(D) = m(D’) = m(D") = m(D"") = y implies that y must

satisfy the following system of equations:

. . . 1— _
which is only satisfied whenever %q SR = s

To show Axiom 6, first assume y = x, for some x, € supp(D). The first order condition for D, together

with the fact that ¢(zy, zx) = 0, imply that >, £-c'(z;,y) = 0. Hence, D" = {{xi}#k; {ﬁ’;k }#k}
is also valued .

Next, consider the case of y € (xy, xg41) for some z, zx1 € supp(D), and let D’ be a dataset obtained
by high-side aggregation. As each item admits a variational representation, the following set of equations

must be satisfied:
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(1 — gy ()] (k, y) + qy(z:i)c (i, y) =0

1 — 4, (@) (k.y) + 4,(@) (@, y) = 0

[1—qy(zit1)]d (ky) + ay(@ip1)c (Tig1,9) = 0 (8)
pic(x1,y) + -+ pic (x4, y) + Dip1c (@ip1,9) +--- =0
pic(z1,y)+ -+ (pi + piv1)d (Ey)+---=0

It is easy to show that System (8) implies Equation 2 for any k. The proof for low-side aggregation is

analogous.

For sufficiency, I adopt a constructive approach: I show that I can construct a (marginal) loss function
¢ € C that rationalizes the map m. I start by showing the result for n = 2, and then extend it to non-binary
datasets. Throughout the proof, I denote any value x < 0 as z~, and any value z > 0 as z™.

First, let me normalize ¢/(1,0) = —1. Foreach 7, let D~ = {z~,1,p~ } be the dataset such that m(D~) = 0.

The existence and uniqueness of p~ are guaranteed by Axioms 1-3, as showed by Lemma 1.

Lemma 1 Take any z~,x%,y € R such that x= <y < x¥. If m satisfies Azioms 1-3, then 3! p € (0,1)

such that S({z~,x%,p}) = y.

Proof. Let f:[0,1] — R be such that f(p) = m({z~,2";p}), where 2™, z" are fixed. Axiom 2 ensures that
f(p) is continuous. Also, observe that Axiom 1 implies that f(0) = 2% and f(1) = 2. Then, 3p € (0,1)
such that m({z~, 2", p}) = y by Bolzano’s theorem.

To prove uniqueness, assume there exists two values, p; and po, such that the condition above is satisfied.

This means that m({z~,2% : p1}) = m({z~, 2" : p2}). But this violates Axiom 3. ]

Using the first order condition for D, I obtain:

(9)

In particular, note that lim,- ,o- ¢j(z,0) = 0. Also, ¢j(«,0) is unique up to a positive multiplicative
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constant.?”
Similarly, fix a value 2~. For each xt > 0, let DT = {27, z%,p"} be an item such that m(D*) = 0. The
first order condition, together with Equation 9, implies:

+ 1—p—
PP (10)

/
0)=———
(.’L‘, ) 17p+ ﬁ

Cr

where p~ is the value such that {Z7,1;5~ } is mapped to 0. Again, observe that lim,+_,o+ ¢.(z,0) = 0, and
that ¢.(z,0) = 0 is unique up to a positive multiplicative constant.

Importantly, the choice of £~ to derive Equation (10) is irrelevant by Axiom 5. To see why, take any 2+ > 1
and ¥~ < 27, and define D = {27, 1;p"},D' = {&~, 2", pT},D” = {#7,1,p} and D" = {z~,2T;p"}

such that m(D) = m(D’) = m(D"”) = m(D"") = 0. The procedure described above applied to D and D’

delivers:
e if £ <0,
¢(#,0) =190 if 7 =0,
At A .
—1fﬁ+-1ﬁf ifz>0
The same procedure applied to D" and D"’ delivers:
L if z <0,
(x,0) =40 if 2 =0,
S a0

2TTo see why, take any x > 0 different from 1, and let it be denoted by 2+. Let D'~ = {o~, 2%, p'~}
be the item such that m(D’~) = 0. Finally, let & > 0 be such that ¢/(z*,0) = —k. Then, it must be that

1-p~ _ p. 1=p"~
P~ p'm
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It is easy to see these two expressions are the same because of Axiom 5. Hence, I can define:

c(xz,0) ifz <0,
d(z,0) = 0 if z =0, (11)

c(z,0) ifz>0

Finally, I use Axiom 4 to move the second argument of ¢’ from 0 to a generic value y. To reach this goal,
note that Axiom 4 guarantees that ¢/(z,0) = ¢/(z + y,y) for any y. With a slight abuse of notation, I now
redefine £ = = + y, and define the generic marginal cost function as follows:

lz,y) ifx<y,

C/(gjvy) =350 if x = Y, (12)

c(z,y) fx>y

Next, I show that ¢’ as defined in Equation (12) is continuous in each argument, and strictly increasing in
its second argument. To perform this aim, let f : R® — [0, 1] be a map that, to each triple (z~,y,2") where
x~ <y <z, assigns the value p € [0, 1] such that m({z~,27;p}) = y. It is easy to see that f(x~,0,1) =p~

and f(£7,2%,1) = pT. Lemma 2 shows that, under Axioms 2 and 3, f is continuous in each variable.

Lemma 2 If m satisfies Azioms 2 and 3, then f(z~,y,x%) — p is continuous in each variable.

Proof. Let m(p) = m({(z~,z";p)} for a fixed pair (x~,zT). Axioms 2 and 3 ensure that m(p) is continuous
and strictly decreasing; hence, m(p) has a continuous inverse: 3 g : [z, 2] — [0,1] such that g(y) = p and
g is continuous. But g(y) = f(z~,y, ™) for the fixed pair (z7,27); so, f is continuous in y. The other two

cases are analogously showed. |

Lemma 2, together with the limiting behavior of ¢/ when = — y T — y, ensures that ¢’ is continuous

in each argument.
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To see why ¢’ is strictly increasing in its second argument, first observe that ¢'(x,y) is strictly decreasing

in its first argument. This is a direct consequence of Lemma 3.2%
Lemma 3 If m satisfies Aziom 3, then f(z~,y, ™) is strictly increasing in both x= and z™T.

Proof. Let p(x~) = f(z™,y,a™") for a fixed pair (y,2™), and take two negative values 7 > z5. Assume by
contradiction that p(x;) < p(x; ). This implies {z],z%;p(x])} =rosp {75 ,27;p(z3)}, violating Axiom

3. The other case is analogously showed. |

Then, take three values x1,x2,y1 € R with 21 > 2, and define e = z1 — 29 > 0. Also, let yo = y1 + €. As ¢

is strictly decreasing in its first argument, it holds that:

(1,y1) < ¢ (w2, 91)
(x1,y1) < (21— €,91)
(x1,y1) < (w1, 91 +€)
(z1,91) < (21, 2)

where the passage from the second to the third step is enabled by Axiom 4. But this proves that ¢’ is is

strictly increasing in its second argument.

As ¢/(z,y) is continuous in its second argument, it is integrable. Hence, I consider:
c(x,y) = /C’(% y)dy (13)

Observe that Axiom 1 requires the constant of integration to be equal to zero.?"

I now show that ¢(z,y) € C. First, fix x. As ¢/(z,y) is negative if y < z, null if y = x, positive otherwise,
c(x,y) is strictly decreasing if y < x, zero if y = x, strictly increasing otherwise. It follows that ¢(x,y) > 0,

with equality if and only if y = z.

28Simply apply the definition of strictly increasing function.
By Axiom 1, ¢(z,z) = [dy + k = 0. This implies k = 0.

27



Also, ¢ satisfies functional translation invariance by construction, as showed below:

() = / ¢ (z,9)dy
() = / e+ hy + k)dy
e(,y) = cla + by + k)

Finally, since ¢’ is continuous in each variable, c is also continuous in each variable. Similarly, as ¢’ is

strictly increasing, c is strictly convex (Rockafellar, 1997; Theorem 24.1).

Next, I extend the result to non-binary items inductively. Let D = {x1,z2,23;p1,p2,1 — p1 — p2}, with

m(D) =y. If y = x5, then D' = {1, x3; =, 1;1;5} is also valued x2 by Axiom 6. Since D’ is binary, it is

represented by the function constructed above; hence, the following condition holds:

T
1—s

l—r—s
d(z1,y) + 17_86/(30373/) =0

This equation, together with the fact that ¢(z2,y) = 0, implies that ¢ also rationalizes the map m for a
ternary item whenever y = x,.
If y € (x2,23), then D' = {&,x3;7 + s} is also valued y by Axiom 6. As x1 < T < z9 and ¢ is strictly

decreasing in its first argument, 3o € (0, 1) such that ¢/(Z,y) = ad (z1,y) + (1 — @) (x2,y). This, together

with Equation 12, implies o = 1 (Axiom 6). Then, the first order condition of D’ leads to:

rc (x1,y) + sc(z2,y) + (1 —r — 5)c (v3,y) =

So, ¢ also rationalizes the map m for a ternary item whenever y € (3, x3). The proof for y € (z1,x2) is
analogous.
Finally, assume the result holds (i.e. the cost function from Equation (12) rationalizes the map m) for any
item of size (n — 1). By following the same steps at above it is possible to show that, under this condition,

c rationalizes the map for items of size n as well.
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1.2 Proposition 1

By definition, the a—expectile of a distribution is the minimizer of a cost function defined as in Equation 1
with ¢ corresponding to the so-called “swoosh” function (Newey and Powell, 1987):
(1-a)ly-2)? ifz<y,

C(X(x7y) =
a(z —y)? iter >y

where a € (0,1). It is easy to check that c,(x,y) € C. Hence, the result holds.
The a—quantile of a distribution is the minimizer of a cost function defined as in Equation (1) with ¢

corresponding to the so-called “check” function (Koenker and Bassett Jr, 1978). Take the following function:

(1—a)(y—a)0+m) ifz <y,
em(z,y) =
alz — y)(HvlT) ifz>y

where a € (0,1) and m € N. It is easy to check that ¢,,(z,y) € C. As m — 00, ¢, (x,y) converges exactly
to the “check” function. Hence, the result holds.

The mode of a distribution is the minimizer of a cost function defined as in Equation (1) with ¢ corre-
sponding to the Dirac measure: cs(z,y) = 1,1 (y). In words, cs is equal to 1 if = y, to 0 otherwise. Being

discontinuous, ¢s ¢ C. Hence, the result holds.

1.3 Theorem 2

Let po(D) € [x1,2,] denote the a-expectile of D. Being the optimal predictor under an asymmetric least

squares loss function, p, (D) must satisfy:

a Y pilti—paD)] = (1-a) Y pilua(D) -] (14)

;> pa (D) z; <pra (D)

Take any m € [z1,2,], and let A(m) =3 pi(v; —m) and B(m) =3, ., pi(m — ;). By letting

tao (D) = m, Equation (14) implies:
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Fix an index k € {1,...,n — 1} and consider m € (zj, Tp4+1). Set
PL:=> pi,  Pr:=)_pi, D= pwi, Ci=) pai
i<k i>k i<k i>k

For such m no atom equals m, so the sums defining A(m) and B(m) simplify to

B(m)zzpi(m—%):mPL—D, A(m)=2pi(xi—m):0—mPR.
i<k i>k

Hence on (2, 2x+1) we have the rational-linear form

a(m) = B(m) _ mPp, — D

Differentiate with respect to m. Using A’(m) = —Pg and B’(m) = Py, gives

m) = B'(A+B)-B(A'+B') P (A+B)—B(PL—Pgr) PLA+ BPg
o/ (m) = (A+ B)? - (A~ B)? "~ (A+ By

The numerator equals the strictly positive double sum

PLA+BPp =YY ppj(z; —xi) >0,
i<k j>k

since each p;p; > 0 and z; — x; > 0 for j > . Thus a/(m) > 0 on every open gap (T, Ti+1)-

Finally, note that for each fixed 4, the functions m — (z; —m) and m — (m — x;) are continuous. Since
A(m) and B(m) are finite weighted sums of such terms with positive weights p;, both A(m) and B(m) are
continuous functions on R. Because the denominator A(m)+B(m) =), p;|x; —m/| is continuous and strictly

positive for any nondegenerate distribution (i.e. not all mass concentrated at a single point), the quotient



is also continuous on R, and in particular on [z1,z,].

At each atom x, A(m) and B(m) remain continuous because the contribution from the term where
x; = m vanishes (it multiplies a zero difference). Therefore «(m) has no jump at any xy; the left and right
limits coincide.

Since we already showed that o/(m) > 0 for every m strictly between consecutive atoms, a(m) is strictly
increasing on each open interval (zy,xg+1). By continuity, the values of « at the boundaries connect these
intervals smoothly, ruling out any downward jump. Hence a(m) is strictly increasing on the entire domain

[x1, Zp].

Finally, observe that:

0 _0,  a(z,) = Zi<oPil@n =)
i>1 pi(xi - J131) EKnPi(ﬂCn - $i)

alxy) = 5 =1,

Combined with the fact that a(m) is continuous and strictly increasing on [z1,x,], it follows that « :
[x1,2,] — [0,1] is bijective; equivalently, for every m € [x1,x,] there exists a unique o € [0,1] (namely

a = a(m)) such that p,(D) =m.

II. ASYMMETRIC CONVEXITY

Let ¢ be defined as follows:

le|? if e <0,
Pale) =

le|]ft® ife>0

for some 0 > 1 and a > 0. In this case, a raises the curvature of the upside branch of ¢ relative to the

downside, leaving the downside fixed. If @ = 0, then the two branches coincide, and ¢g(e) = |e|® becomes

the symmetric power loss. I first show that ¢ € C:

e Normalization: both branches vanish as e — 0; so, ¢,(0) = 0. ¢, is continuous at 0 and trivially

continuous elsewhere; hence, it is continuous. Also, ¢, > 0 for e # 0.

o Functional translation invariance: satisfied by construction.
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e Strict converity: the first order derivative of ¢, is:

—0|e|?~1 if e <0,
Pale) =
(0 +a)le/?=t ife>0

with ¢/, (07) = ¢/,(07) = 0 since both # > 1 and 6 + a > 1. Thus, ¢/, is continuous, equals 0 only at

e = 0, and is strictly increasing in e. It follows that ¢, is strictly convex.

Next, I compute the relative convexity and asymmetry coefficients for each branch. I obtain that:

K (e)=60-1 kT(e)=0+a—1 A(e) =alne

where k™ (e) = r(ele < 0) and kT (e) = k(ele > 0). Note that both convexity coefficients are constant in e, but
they differ across branches. So, ¢ exhibits asymmetric convexity for every a > 0: the curvature is determined
jointly by the interaction of two different parameters, § and a. Moreover, both the asymmetry A(e) and the
difference in branches’ curvature k¥ (e) — k™ (e) are governed by the same parameter a: increasing a increases
both. Therefore, convexity at the point e is not invariant to asymmetry: we cannot increase the asymmetry
of ¢, without increasing its upside curvature.

It must be stressed that this behavior is not a feature of asymmetry per se. To see why, consider this

alternative loss function:

rilel? if e <0,
Yale) =

ralel? ife>0

Under this formulation, the loss function v, is still asymmetric: A(e) = % for all e. However, the asymmetry
parameters r; and ro cancel out when computing convexity coefficients. Asymmetric convexity is precisely
the departure from this multiplicative structure: it introduces asymmetry in the curvature rather than the

scale of the loss.
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